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A CASE STUDY OF CONSISTENT VEHICLE ROUTING PROBLEM WITH
TIME WINDOWS
HERNA´N LESPAY1 AND KAROL SUCHAN2,3
Abstract. We develop a heuristic solution method for the Consistent Vehicle Routing
Problem with Time Windows (ConVRPTW), motivated by a real-world application
at a distribution center of a food company. Besides standard VRPTW restrictions,
ConVRPTW assigns to each customer just one driver to fulfill their orders during the
complete multi-period planning horizon. For each driver and day of the horizon, a
route has to be determined to serve all their customers with positive demand. For
each customer, the time between consecutive orders and ordered quantities are highly
irregular. This causes difficulties in the daily routing, negatively impacting the service
level of the company. Unlike most works on ConVRP, where the number of drivers is
fixed a priori and only the total travel time is minimized, we give priority to minimizing
the number of drivers. Moreover, whereas in ConVRP the clients present no time window
constraints, but the visits should be scheduled with a small variation of the arrival time,
our model imposes hard time windows, but does not consider time consistency in more
detail. We compare solutions given by the heuristic with solutions of a MILP model
on a set of small artificial instances and with solutions used by the food company on
real-world instances. The results show the effectiveness of the heuristic in minimizing
the number of vehicles. For the company, we obtain significant improvements with a
lower number of vehicles and a higher rate of orders delivered within the prescribed time
window.
1. Introduction
The problem studied in this paper is motivated by a real-world application at a food distri-
bution company in Chile. This company is one of the leading national producers and marketers
of meat and poultry. The company has seventeen distribution centers throughout the national
territory. In this paper, we focus on one of their distribution centers. However, this study
can be replicated in each distribution center of the company because their operations are quite
similar throughout the country. The company has large sales volumes nationwide and the costs
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associated with distribution activities represent an important component of their total expen-
ditures. Therefore, a reduction of 5 or 10 percent in the routing costs would mean a relevant
improvement for the company.
The customers of the company correspond to supermarkets, restaurants, wholesalers and
small convenience stores, spread throughout a region of Chile. The set of customers changes
on average by 10% from one month to another. This customers’ variability is in large part due
to the low frequency and irregularity of orders from small convenience stores, which represent
60% of the total number of customers. Also, the customers are characterized by high variability
of service times, and even under perfect conditions the time needed to unload the delivery can
differ by about an hour from one customer to another. Additionally, each customer requires
that their orders be delivered within a certain time-window.
The company has a fleet of vehicles, which are dispatched from the distribution center to
their respective customers. Each vehicle has a fixed subset of customers assigned to it, and each
day the vehicles serve their corresponding customers.
Due to the high variability in the activity of the customers, the quantities they order and the
service times, the company currently experiences significant problems in the fulfillment process
during the periods of high activity: the customers time windows may not be respected and,
in some cases, the delivery even has to be postponed to another day. In consequence, it is of
vital importance for the company to develop a decision support system that would improve the
planning and scheduling of the distribution of products to its customers, seeking a good balance
between operational costs and service quality.
1.1. Consistency in Vehicle Routing. In the standard version of the vehicle routing problem
(VRP), we have a set of customers with a known demand and a set of homogeneous vehicles
with a limited capacity based at a depot. The goal is to determine a set of routes to fulfill
all orders at minimum cost. The VRP was introduced in [4], and the objective is oriented to
increase the profitability of the companies without taking into account customer satisfaction,
an important concern in competitive markets.
Solving the vehicle routing problem for each day in an independent way allows companies
to minimize operational costs and make efficient use of their vehicle fleet. However, this has
some operational disadvantages. Frequent changes in the vehicle’s routes can impact negatively
the productivity and job satisfaction of the drivers. Consequently, due to the growing industry
competition, it is important to balance the objective of designing routes of low cost with that
of providing high-quality service to increase customer satisfaction.
In general, customer satisfaction is directly related to providing a consistent service (see [9]).
Service consistency has three different dimensions: i) Time, it refers always to visit a given
customer at roughly the same time, ii) Person, it refers always to execute the delivery by the
same driver, and iii) Delivery, it refers to minimizing the variability of the quantity delivered
when the supplier decides the quantity delivered (vendor-managed inventory systems). The
relevance of each one of these three dimensions of consistency changes from one market to
another.
From the point of view of distribution companies, consistent routes improve driver satisfac-
tion and productivity, because they allow drivers to gain knowledge about the territory where
they are working, the customers’ formal receiving procedures and more informal preferences,
and get personally acquainted with the employees in charge of coordinating the deliveries on
the customers’ sites. All this improves drivers’ abilities to overcome difficulties resulting from
unexpected incidents in transit and on customers’ sites.
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Companies have to choose between routing plans of minimum cost, which are not consistent,
and routing plans of higher cost that consider consistency. In [25], it is argued that a higher total
distance in the design of the routes to privilege the service consistency is more than compensated
by a greater satisfaction of customers and drivers, and a productivity increase of the drivers.
Consequently, we aim to find a set of consistent routes with the lowest operational cost.
1.2. Problem Characteristics. In the literature, this kind of situation is often modeled as the
Consistent Vehicle Routing Problem (ConVRP). ConVRP was introduced in [8], motivated by
the importance to provide high-quality customer service in the small package shipping industry.
It takes into account time and person consistencies.
The small package shipping industry operates in conditions that differ from the ones present
at the company under study in several aspects. First, companies in the small package industry
admit that it is important for recurring customers to receive service at about the same time over
different days. This is not the case for the company under consideration. Here, the customers
appreciate that the deliveries arrive within their time windows, independently of the precise
moment within this time-range that the delivery occurs.
Second, small package shipping companies have short and relatively constant service times in
most of the cases. However, many customers of the company under study need longer service
times and present a considerable risk of extending them even more when an operational incident
occurs.
Third, small package shipping companies prefer to have the same service provider for a group
of customers to generate familiarity with a single geographical zone and use it to improve travel
times. In the case under study, the company wants to generate familiarity between the driver
and the person who receives the deliveries in order to reduce the risk of long service time or
denial of reception due to some incident.
Finally, the characteristics of the fleet are different. It is common in small package shipping
companies that the vehicle fleet is proprietary, the vehicles are small, and there is only one person
operating the vehicle. Instead, at the company under study, the vehicle fleet is outsourced
from many transportation companies, the vehicles are large (capacity of 5 tons.), and they
are operated by a team of one driver and two assistants. Moreover, the vehicles must have a
refrigeration system, because of the characteristics of the products delivered. Therefore, it is
important for the company to execute the deliveries utilizing a reduced number of vehicles to
minimize the operational costs.
1.3. Modeling Consistency. One of the most general variants of ConVRP studied in the
literature was proposed in [12] which is based on [10]. The results of this reference paper offer
some flexibility to different operational contexts, but still, it is necessary to do some adjustments
in order to solve the real problem of the company under study. Next, we highlight the main
differences.
On the one hand, motivated by the small package delivery, the objectives of the reference
paper is to optimize the routing cost, arrival time consistency, and driver consistency in a
multi-objective approach. For our purposes, this objective is not adequate. Our principal
concern is to minimize the number of vehicles. On the other hand, the reference paper uses
AM/PM time windows motivated by the requirements of companies that hire part-time workers
to handle package delivery. Also, the service times considered are the same for all the customers.
In contrast, we need to respect the time windows imposed by a variety of customers with
service times that are quite dissimilar. Finally, the reference paper minimizes the number
of drivers that serves customers, letting that a customer is served by more than one driver.
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However, this approach is not convenient for our purposes. Many customers of the company
have reception areas where many vehicles arrive simultaneously to deliver different products.
The queue management tends to be somewhat informal and, if there is some familiarity between
the driver and the person coordinating the reception area, the waiting times tend to be shorter
and the general efficiency of the process improves.
Consistency requirements link different days in the planning horizon, making it impossible
to decompose the multi-period problem into several independent one-period problems. In the
literature, most approaches to solve ConVRP problems focus on heuristic methods, because
exact methods of mixed-integer linear programming allow only to solve very small instances.
For example, [8] solves instances containing less than twelve customers over three days and in
[7] solves instances with 30 customers over five days. The exact methods are computationally
intractable for the instances of the company under study since we need to solve instances with
about two thousand customers over a planning horizon of at least 25 days.
1.4. Our Contribution. The contributions of this paper are three-fold. Firstly, we model a
real-life case of a distribution problem at a major Chilean food company as ConVRPTW, a
variant of ConVRP that incorporates time windows of the customers and tries to minimize the
number of vehicles used to form consistent routing plans, under high variability in client activity
and quantities ordered. To the best of our knowledge, there are very few results in the literature
that consider the restriction of time windows and the objective of minimizing the number of
vehicles. Moreover, they are limited to instances of much smaller size and lesser variability of
the demand. We propose an efficient heuristic (inspired by [18]) for reducing the number of
routes in ConVRPTW. This heuristic is based on the holding list strategy (see [15]) and uses
a guided local search to guide the ejections. Secondly, we propose a simple and fast heuristic
to find a feasible initial solution. Thirdly, we provide some managerial insights by developing
an analysis of ConVRPTW algorithm for Operational Management in order to evaluate the
proposed solution of ConVRPTW in a real-life context. We analyze the quality of the client-to-
driver (tactical) assignments generated by our algorithm run on historical data as the basis for
the operational day to day routing under the conditions of uncontrolled variability of demand
experienced by the company under study.
The remainder of this paper is organized as follows. Section 2 introduces the literature review
of ConVRP. Section 3 presents a description of the problem. Section 4 describes the solution
framework. Section 5 reports the results of computational experiments. Finally, section 6
presents the conclusions.
2. Literature Review
Generating template routes is a common strategy to solve ConVRP. It was used in [8, 23,
11, 26]. To satisfy the consistency requirements, this strategy uses the precedence principle: if
a driver services a before b on one day, then a has to receive service before b from the same
vehicle on all days that they both require service. Intuitively, routes that follow this precedence
principle should tend to comply not only with the person but also the time consistency. The
template strategy consists of two stages. In the first stage, the problem is reduced to construct
routes for a subset of customers, called frequent customers. A customer that requires service on
more than one period during the planning horizon is called frequent, and non-frequent otherwise.
Then, the mean demand over the planning horizon is calculated for each frequent customer and
used to create a unique VRP instance. The set of resulting routes is called the template. Each
route of the template is assigned, one-to-one, to a driver. In the second stage, daily routes are
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generated by replicating the template for each day, with the original values of customer demands
on a respective day. Finally, the daily routes are updated by deleting frequent customers with
zero demand and inserting non-frequent customers with positive demand.
The template approach restricts the search space and, therefore, good solutions can be found
quickly. Yet, better solutions might be missed (see [10]), and even more, the optimal solution
may be unreachable. Instead of working with template routes, there exists a different solution
strategy that operates on the entire routing plan (see [10, 12, 14, 1, 22, 3]).
In the following subsections, we describe the main works in the literature to solve ConVRP
and its variants, using these strategies. For a review of works on VRPTW we refer the reader
to one of many surveys on the topic present in the literature (for example, see [6]).
2.1. Template Based ConVRP. In [8], the authors proposed a variant of the traditional
VRP that considers several routing periods with fixed customer demand assigned to each of
them, and with consistency considerations in two dimensions: time and person. Thus, they
defined ConVRP as the problem to find a set of minimum cost routes to service a set of
customers with known demands over multiple periods considering the classical vehicle routing
constraints complemented with time and person consistency requirements, i.e, each customer
has a fixed driver assigned, that delivers the orders at roughly the same time on each day that
the customer needs service. Therefore, the routes that visit a given customer over different
periods have to be all assigned to the same driver. Both time and person consistencies are
treated as hard constraints: the maximum arrival time difference of each customer is bounded
and only one driver per customer is allowed, respectively. They generated template routes using
a multi-start algorithm based on the record-to-record approach for solving the problem.
In [23], a Tabu Search (TS) algorithm was proposed to minimize the total travel time, modify-
ing both the template routes and the actual daily schedules sequentially. In [11], an Adaptative
Large Neighborhood Search (ALNS) algorithm was used to solve the problem. Additionally, a
relaxed variant of ConVRP was introduced, in which the departure times from the depot can
be delayed to adjust the arrival times at the customers’ sites. The authors demonstrated that
this slight relaxation of the starting times leads to improved time consistency, while the travel
times remain almost unchanged. In [26], a Variable Neighborhood Search (VNS) algorithm was
presented. The proposed algorithm consists of two stages. In the first stage, a VNS is applied to
obtain optimized template solutions. The solutions obtained might be infeasible. If a solution
is of acceptable quality, the second stage is applied to make it feasible and improve it further.
2.2. Non-template Based ConVRP and Related Problems. In [7] an exact method for
ConVRP based on column generation technique was proposed. This method was used for solving
medium-sized instances with five days and 30 customers. As an upper bounding procedure,
a large neighborhood search (LNS) was developed, featuring a repair procedure specifically
designed to improve the arrival-time consistency of solutions. Also, the LNS used as a stand-
alone heuristic can improve the solution quality on benchmark instances from the literature.
In [20] an integer linear programming formulation and several families of valid inequalities for
the Periodic Vehicle Routing Problem with Driver Consistency (PVRP-DC) were studied. The
problem was solved using an exact branch-and-cut algorithm, and computational results were
shown on a wide range of randomly generated instances with a maximum size of five days and
71 customers. In [16] a mixed integer programming model for the multi-period vehicle routing
problem with time windows and limited visiting quota (MVRPTW-LVQ) was proposed, which
requires that any customer can be served by at most a certain number of different vehicles
over the planning horizon. A three-stage approach to solve the MVRPTW-LVQ was proposed.
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Stage one finds initial solutions using the decomposition algorithm. Stage two reduces the
number of vehicles in the solution by employing a repair procedure in a tree search algorithm.
Stage three performs a tabu search post-optimization procedure that focuses on reducing the
total travel distance. Computational experiments on benchmark data showed improvements
on different data sets. In [1], person consistency in a multi-period dial-a-ride problem (DC-
DARP) was explored. Person consistency is considered by bounding the maximum number
of different drivers that transport a user over a multi-period planning horizon. The authors
proposed different formulations and assessed their efficiency using a branch-and-cut scheme.
Additionally, they proposed an ALNS that generates near-optimal solutions.
In [10], it was pointed out that the consistency requirements of ConVRP may be too restric-
tive. Thus, a relaxed ConVRP, called Generalized ConVRP (GenConVRP), was introduced.
Here, a customer may be served by a limited number of drivers instead of only one. The time
consistency is not enforced by constraints but is penalized in the objective function. Moreover,
the precedence principle is not enforced, so instead of assigning some kind of “a priori” routes
to the drivers, they only get fixed customer sets to service (with no precedence constraints) -
each day is routed (sequenced) separately, but preserving the time consistency between days.
Vehicle departure times may be adjusted to obtain stable arrival times. Apart from the afore-
mentioned relaxations, customers are associated with AM/PM time windows motivated by the
requirements of companies that hire part-time drivers to handle package delivery. The authors
proposed a Large Neighborhood Search algorithm (LNS) to solve GenConVRP that is applied
to the entire solution.
In [12], a multi-objective optimization approach was proposed. GenConVRP is extended by
considering different objective functions. Routing cost, time consistency, and person consistency
are considered as independent objectives of the problem. Two exact approaches based on the
-constraint framework were proposed for small test instances. For large instances, the authors
proposed a Multi-Directional Large Neighborhood Search (MDLNS) that combines the Multi-
Directional Local Search framework and the LNS for the problem. Another multi-objective
variant of ConVRP was presented in [14]. Instead of modeling consistency requirements as
hard constraints, they are included as objectives. An improved version of the multi-directional
local search (MDLS) was developed to solve the problem.
In [5], in contrast to the classical ConVRP, where the maximum arrival time difference of
each customer is bounded, the authors proposed to minimize the maximum number of time
classes in which a customer is visited. For visits grouped into a single time class, the difference
between the earliest and the latest visit is not larger than a given bound. Person consistency
is not considered in the proposed solution approach, but the number of drivers per customer is
reduced in a post-processing step. In [22], ConVRP with Profits was introduced. There are two
sets of customers, the frequent customers that are mandatory to service and the non-frequent
potential customers that are optional, with known and estimated profits, respectively, both
having known demands and service requirements over a planning horizon of multiple days. The
objective is to determine vehicle routes that maximize the net profit while satisfying vehicle
capacity, route duration and consistency constraints. For addressing this problem, an Adaptive
Tabu Search was developed, utilizing both short- and long-term memory structures to guide
the search process. In [3], ConVRP with different service level agreements was presented. In
this variant of ConVRP, customers have several shipping periods during the day, time windows,
and different release dates. A metaheuristic algorithm was developed to solve this problem on
larger instances. In [27] a new variant that considers simultaneous distribution and collection
(ConVRPSDC) was introduced, for which a mixed-integer programming model was formulated.
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To solve the problem, three heuristics were proposed on the basis of the record-to-record (RTR)
travel algorithm, the local search with variable neighborhood search (LSVNS), and the tabu
search-based method. The results showed that the RTR-based heuristic has an advantage in
small-scale instances. However, for medium-scale instances, the best option is LSVNS-based
heuristic, which can solve instances with 40 customers and 5 days within 10 seconds. Moreover,
LSVNS-based heuristic can solve large-scale instances with 200 customers and 5 days within 3
hours.
3. The Problem
ConVRPTW problem is defined on a complete directed graph G = (N,A), where N =
{0, 1, ..., n}. 0 represents the depot and positive integers represent the customers. A = {(i, j)|i, j ∈
N, i 6= j} is the set of arcs. Each arc (i, j) ∈ A is associated with a distance δij and a travel
time tij , with δij 6= tij , for all (i, j) ∈ A. We assume that distances and travel times satisfy
the triangle inequality. Customers are visited on routes traversed by a homogeneous fleet of
vehicles in the set K. The number of vehicles is not restrictive (i.e., |K| = |N \ {0}|).
Each vehicle k ∈ K, with given capacity Q is located at the depot, from where it departs
at time 0 and where it must return to before time T . The planing horizon involves |D| days,
where D is the set of days. On each day d ∈ D, each customer i ∈ N \ {0} has a demand qi,d
and service time si. We assume that qi,d ≤ Q and it is not possible to perform split deliveries
(because of the person consistency requirement). We use auxiliary parameters wi,d equal to 1
if customer i requires service on day d (qi,d > 0), and equal 0 otherwise.
Person consistency is enforced by assigning each customer i ∈ N \ {0} to the same vehicle
k over the entire planning horizon. Time consistency is limited only to respecting the time
windows: the service start-time can vary freely within the interval [li, ui] defined as the customer
time window, where ui and li are the upper and lower bound of the time window of the customer
i, i ∈ N \ {0}. We only require that the service start-time has to fall within the time window,
not the sum of service start-time and service times - a vehicle is allowed to complete the delivery
after the time window closes. For the ease of presentation, we identify each vehicle k with the
set of customers that are assigned to it (we will speak of a vehicle and the set of customers
assigned to it interchangeably).
A solution R of a ConVRPTW instance is determined by |K| subsets of customers: each one
of them, k ∈ K, with an independent route (the order of visits for frequent customers is not
preserved from one day to another), rk,d, for every day, d ∈ D, when some of the customers
in k require service. The objective is to minimize the number of non-empty sets of customers,
such that i) the total quantity carried by each vehicle on each day does not exceed the capacity
Q, ii) the time windows of all customers and the depot are respected, and iii) each customer is
served by exactly one driver over the planning horizon. The customers are not visited on the
days when their demand is 0. Empty subsets of customers are not assigned to drivers, so the
number of vehicles used over the planning horizon is decided in the model.
We present a MIP formulation for ConVRPTW in the following model. The model uses the
binary decision variables xi,j,k,d that equal 1 if arc (i, j) is traversed by vehicle k on day d, and
0 otherwise. The binary decision variables yi,k,d equal 1 if customer i is assigned to vehicle k on
day d, and 0 otherwise. The binary decision variables zk equal 1 if vehicle k is used in any day
of the planning horizon, and 0 otherwise. Finally, the continuous decision variables ai,d equal
the service start-time at customer i on day d, and 0 if no service for customer i is required on
day d. We define the service start-time at customer j on day d as ajd = aid + si + tij + ejd,
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where ejd is equal to the waiting time if the vehicle arrives at customer j on day d earlier than
lj , and 0 otherwise.
Minimize
∑
k∈K
zk(1)
subject to
∑
k∈K
yi,k,d = wi,d ∀i ∈ N \ {0}, d ∈ D
(2)
∑
i∈N\{0}
qi,dyi,k,d ≤ Q ∀k ∈ K, d ∈ D
(3)
zk ≥ yi,k,d ∀i ∈ N \ {0}, k ∈ K, d ∈ D
(4)
∑
i∈N\{j}
xi,j,k,d =
∑
i∈N\{j}
xj,i,k,d = yj,k,d ∀j ∈ N \ {0}, k ∈ K, d ∈ D
(5)
∑
j∈N\{0}
x0,j,k,d =
∑
i∈N\{0}
xi,0,k,d = zk ∀k ∈ K, d ∈ D
(6)
wi,α + wi,β − 2 ≤ yi,k,α − yi,k,β ∀i ∈ N \ {0}, k ∈ K,α, β ∈ D,α 6= β
(7)
ai,d + xi,j,k,d(si + ti,j + ejd)− (1− xi,j,k,d)T ≤ aj,d ∀i ∈ N, j ∈ N \ {0}, i 6= j, k ∈ K, d ∈ D
(8)
ai,d + xi,j,k,d(si + ti,j + ejd) + (1− xi,j,k,d)T ≥ aj,d ∀i ∈ N, j ∈ N \ {0}, i 6= j, k ∈ K, d ∈ D
(9)
ai,d + si + ti,0 ≤ T ∀i ∈ N \ {0}, d ∈ D
(10)
liwi,d ≤ ai,d ≤ uiwi,d ∀i ∈ N, d ∈ D
(11)
zk ∈ {0, 1} ∀k ∈ K
(12)
xi,j,k,d ∈ {0, 1} ∀i, j ∈ N, i 6= j, k ∈ K, d ∈ D
(13)
yi,k,d ∈ {0, 1} ∀i ∈ N, k ∈ K, d ∈ D
(14)
ai,d ≥ 0 ∀i ∈ N, d ∈ D
(15)
The objective function (1) minimizes the number of vehicles. Constraints (2) guarantee that
each customer is serviced on each day they require service, and inequalities (3) make sure that
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the vehicle capacity is not exceeded. Constraints (4) ensure that if customer i is served by
vehicle k on the day d, then vehicle k must be used during the planning horizon. Constraints
(5) ensure that all assigned customers have exactly one predecessor and one successor, and
equalities (6) are flow conservation constraints on the depot for each vehicle k and day d.
Person consistency is guaranteed in (7). So, if customer i requires service on days α and β,
then wi,α + wi,β − 2 = 0, enforcing person consistency by yi,k,α = yi,k,β. Inequalities (8) and
(9) set the service start-times at the customers. So, if customer j is visited after customer i
for some vehicle k and day d, then xi,j,k,d = 1 and we obtain ai,d + si + ti,j + ej = aj,d from
constraints (8) and (9). Otherwise, the arrival times for two customers are not related.
Inequalities (8) also prevent sub-tours, because they enforce increasing service start-time for
customers along a route. For example, consider the subtour of some three customers i1, i2, i3,
for some vehicle k and day d. Then, xi1,i2,k,d = xi2,i3,k,d = xi3,i1,k,d = 1. Substituting in (8) and
adding the resulted constraints we obtain (si1 + ti1,i2 + ei2,d) + (si2 + ti2,i3 + ei3,d) + (si3 + ti3,i1 +
ei1,d) ≤ 0, which is infeasible for non-negative service, travel, and waiting times.
Constraints (10) enforce that vehicles return to the depot on time. The time windows of
the customers are enforced by inequalities (11). Finally, the integrality and non-negativity
requirements of the decision variables are guaranteed by constraints (12)− (15).
4. Solution Framework
We propose an efficient heuristic for minimizing the number of routes in ConVRPTW. The
heuristic is composed of two different steps. In the first step, based on the insertion heuristic
proposed in [21], we construct a feasible initial solution for ConVRPTW. In the second step,
inspired by [18], we develop a heuristic focused on reducing the number of routes in the solution
obtained in the first step. Finally, we reoptimize the final solution obtained in step two with
respect to the total travel distance. This reoptimization process consists of sequentially applying
the well-known intra-route 2-opt and inter-route relocation (adapted to the multi-period case)
local operators until a local optimum is reached (see [2]). We describe the two steps in detail
in the following subsections. See Figure 1 for a general picture.
Initialize
L = N \ {0}, R =
∅, k = 0
Step 1:
Multiperiod Initial
Solution
Construction
Heuristic for the
ConVRPTW
Choose k with the
least sum of
numbers of active
customers over all
periods of the
planning horizon
Add the subset k
to EP
Step 2:
Multiperiod Route
Elimination
Heuristic for
ConVRPTW
CT ≤ CTmax Reoptimizationprocess
End
False
True1
Figure 1. Heuristic for ConVRPTW
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4.1. Initial Solution Construction. The algorithm we use to create an initial solution for
ConVRPTW is an extension of the well-know one-period insertion heuristic proposed in [21] to
work with multiple periods.
The one-period heuristic is a sequential insertion heuristic for constructing solutions to the
vehicle routing problem with time windows (VRPTW). It has low time complexity and tends
to generate solutions with a low number of vehicles, compared to other simple construction
heuristics (see [2]). Because the main purpose of the first step of our algorithm is to quickly
construct a feasible initial solution for ConVRPTW, a multi-period extension of the aforemen-
tioned heuristic seems a good option. To the best of our knowledge, no previous works in the
area of ConVRP used this approach.
In the following, we describe both the one-period initial solution construction heuristic for
the VRPTW proposed in [21] and our multi-period extension of this heuristic for ConVRPTW.
4.1.1. One-period Initial Solution Construction Heuristic for the VRPTW. The heuristic starts
with a set N \ {0} of customers, each of them with their respective time window requirements
[li, ui] and service time si, ∀i ∈ N \ {0} (s0 = 0). Each vehicle has capacity Q and must leave
the depot at time 0 and return before T . Finally, from the distance and travel time matrices,
we have the distance δi,j and the travel time ti,j between the customers i and j, respectively.
The output of the heuristic is a feasible initial solution σ that contains a set K of routes for the
VRPTW.
Firstly, it is necessary to define a criterion for initializing every new route r. Two criteria
are tested. The first criterion (ic = 1) chooses the unrouted customer that is farthest from
the depot. This criterion assumes that a customer with a larger distance from the depot is
more difficult to insert into an already established route, so they are given priority to start a
new route. The second criterion (ic = 2) chooses the unrouted customer with the earliest time
window closing time. Complementary to the first criterion, this one assumes that a customer
with a short time window closing date is more difficult to insert into an established route, so
they are also given priority to start a new route.
Secondly, after initializing the current route r, considering that some customers are already
assigned to routes in the current partial solution σ, the heuristic uses two criteria cˆ1(σ, r, v) and
cˆ2(σ, r), where cˆ2(σ, r) is a function of cˆ1(σ, r, v), to insert a unrouted customer v into r between
two adjacent customers. Let r = (i1, i2, ..., im), where i1 = im = 0. For each unrouted customer
v, we first compute its best feasible insertion place with respect to vehicle capacity and time
windows as:
cˆ1(σ, r, v) = argmin{c1(σ, r, v, p) : p = 1, ...,m− 1},
where:
c1(σ, r, v, p) = α1c1,1(σ, r, v, p) + α2c1,2(σ, r, v, p), α1 + α2 = 1, α1, α2 ≥ 0,
c1,1(σ, r, v, p) = δip,v + δv,ip+1 − µδip,ip+1 , µ ≥ 0,
c1,2(σ, r, v, p) = a
v
ip+1 − aip+1 .
with α1, α2 and µ parameters to be adjusted.
avip+1 is the service start-time at ip+1 after inserting v just before ip+1 on the route, and aip+1
the service start-time at ip+1 without inserting v.
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Finally, the best customer v to be inserted in the route is selected using the second criterion
defined as:
cˆ2(σ, r) = argmin{c2(σ, r, v) : v unrouted and feasible}.
where:
c2(σ, r, v) = c1(σ, r, v, cˆ1(σ, r, v))− λδ0,v, λ ≥ 0.
with λ a parameter to be adjusted.
Customer v∗ = cˆ2(σ, r) is then inserted in the route between the adjacent customers i and
j, where i = icˆ1(σ,r,v∗)) and j = icˆ1(σ,r,v∗)+1. When no more customers with feasible insertions
can be found, a new route is started, until all customers have been routed. Once a new route
is started, the previously constructed routes are not modified anymore.
This insertion heuristics tries to maximize the benefit derived from servicing a customer on
the partial route being constructed rather than on a direct route. The best feasible insertion
place for an unrouted customer is the one that minimizes the weighted combination of distance
and time insertion costs.
4.1.2. Multiperiod Extension of the Initial Solution Construction Heuristic for ConVRPTW.
Since one-period initial solution construction heuristic for the VRPTW described above can
not be used to find an initial solution for ConVRPTW, we propose a multi-period extension for
ConVRPTW. See Figure 2 for a general picture.
In section 3, we described that a solution R of a ConVRPTW instance is determined by |K|
subsets of customers, and each non-empty subset k of customers is assigned to a vehicle. For
each day d of the planning horizon, d ∈ D, and vehicle k, k ∈ K, a feasible route rk,d has to
be created that services all the customers of k that are active on d. In other words, instead of
creating groups of customers with just a single feasible route, as the one-period heuristic does,
we must find subsets of customers for which a feasible route exists for each day of the planning
horizon, serving all the respective active customers.
In this new context, a feasible (for vehicle capacity and time windows) insertion of a client
v into a “vehicle” (a subset of customers) k corresponds to a set of feasible insertions of v into
routes rk,d, for each day d when v has positive demand. The best insertion place is computed
in a way similar to that of the one-period heuristic: using cˆ1(σ, r, v), but extended for the
multi-period case:
cˆ1,d(R, rk,d, v) = argmin{c1,d(R, rk,d, v, p) : p = 1, ...,m− 1},
where:
c1,d(R, rk,d, v, p) = α1c1,1,d(R, rk,d, v, p) + α2c1,2,d(R, rk,d, v, p), α1 + α2 = 1, α1, α2 ≥ 0,
c1,1,d(R, rk,d, v, p) = δip,v + δv,ip+1 − µδip,ip+1 , µ ≥ 0,
c1,2,d(R, rk,d, v, p) = a
v
ip+1 − aip+1 .
Note that the value of these parameters changes depending on the previously computed route
for each day of the planning horizon.
Finally, in contrast to the one-period heuristic, we implicitly consider the service frequency
of each customer to compute the best customer v to be inserted in a subset k of customers. In
order to accomplish this, we redefine cˆ2(σ, r) as:
cˆ2(R, k) = argmin{c2(R, k, v) : v unrouted and feasible}.
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where:
c2(R, k, v) =
∑
{d∈D:qv,d>0} [c1,d(R, rk,d, v, cˆ1,d(R, rk,d, v))− λδ0,v]
|{d ∈ D : qv,d>0}| , λ ≥ 0.
Start
Sort L by criterion
ic
L ̸= ∅ End
Set k = k + 1
Pop v0 ∈ L
Add v0 to
rk,d,∀d : wv0,d > 0
Compute
cˆ1,d(R, rk,d, v),
∀v ∈ L,∀d ∈ D
∃v unrouted
and feasible
Compute
v∗ = cˆ2(R, k)
Update rk,d with
v∗,∀d : wv∗,d > 0
Update L = L \{v}
L ̸= ∅
True
False
False
True
False
True
1
Figure 2. Multiperiod Extension of the Initial Solution Construction Heuristic
for ConVRPTW
4.2. Route Elimination Heuristic. A common characteristic of most approaches for one-
period VRPTW problems is to use a route elimination procedure as an independent heuristic
component (see [6]). A very powerful route elimination heuristic that outperforms other existing
approaches was proposed in [18]. Comparison with other algorithmic approaches shows that
this heuristic is one of the most effective and efficient ones, and can obtain, for most groups of
problem instances considered in [6], the lowest known cumulative number of vehicles in low total
computation time. On the other hand, simplicity and flexibility are both relevant criteria for
real-life applications. Simplicity refers to the ease of implementation related to a low number of
parameters that need tuning. Flexibility is related to the ability of an algorithm to accommodate
various side constraints. The route elimination heuristic proposed in [18] scores high on both.
So, we propose to extend it to a multi-period version for ConVRPTW.
In what follows, we first describe the one-period route elimination heuristic for the VRPTW
proposed in [18], and then we explain the way to adapt it for ConVRPTW.
4.2.1. One-period Route Elimination Heuristic for VRPTW. The heuristic starts with a given
feasible initial solution σ that contains a set of |K| routes for the VRPTW. This initial solution
can be obtained from the one-period initial solution construction heuristic for the VRPTW
described above. From an initial solution, to reduce the number of routes one by one, we
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repeatedly apply the one-period route elimination heuristic to the incumbent solution σ. Finally,
we obtain a new solution σ with a lower number of vehicles.
Initially, a route from the current solution σ is randomly selected. Its customers are tem-
porarily removed from the solution and are transferred to a stack called ejection pool (EP ).
Penalty counters p[v], ∀v ∈ N \ {0}, are initialized with value 1. The penalty counter p[v] de-
notes how many times an attempt to insert v in a route has failed so far. Intuitively, the value
of p[v] gives an estimate of how difficult it is to re-insert a customer v into σ. Then, repeated
attempts are made to insert the customers from EP into σ until EP is empty or the total
computation time CT reaches a given limit CTmax. This procedure is executed in three stages.
In the first stage, we compute Ninsert(vin, σ), the set of all partial solutions that can be
obtained by inserting vin at all insertion positions of different routes in σ. If Ninsert(vin, σ)
contains feasible solutions, then one of them is chosen at random. The current partial solution
is updated before proceeding to select a new customer from EP . Otherwise, we move forward
to the next stage.
In the second stage, an infeasible insertion is chosen from Ninsert(vin, σ) and temporarily
accepted, such that Fp(σ) = Pc(σ) + αPtw(σ) is minimum. Fp is a penalty function defined as
the sum of Pc and Ptw, the penalty terms for the violation of the capacity and time window
constraints, respectively, and α is a penalty coefficient whose value is adapted iteratively during
the search process. Pc is defined as the sum of the total excess of capacities in all routes. Ptw
is defined as Ptw =
∑m
r=1 TWr, where TWr is the total of time window violation in the route r.
TWr is computed by the sum of the penalties that the vehicle must pay to service the customers
and to arrive at the depot without delay.
At the beginning, α is set to 1.0. Then, if the second stage fails, α is updated. If Pc < Ptw,
α is divided by 0.99 to emphasize the penalty term of the time window constraint. Otherwise,
α is multiplied by 0.99. After accepting an infeasible insertion that minimizes Fp, a series
of local search moves using the local operator 2-opt∗, intra- and inter-route relocation, and
intra- and inter-route exchange are performed to restore the feasibility of the partial solution.
If the feasibility of the partial solution is restored, then we update the partial solution before
proceeding to select a new customer from EP . Otherwise, we move forward to the next stage.
Finally, since vin could not be inserted easily, its penalty value is updated: p[vin] = p[vin]+1.
Now, all partial solutions obtained by inserting vin at some position p in some route r of σ,
and ejecting at most kmax clients from r are evaluated. Let N feEJ(vin, σ) be the set of feasible
partial solutions that are obtained in this way, ejecting customers v
(1)
out, ..., v
(k)
out (k ≤ kmax). Note
that also vin itself can be ejected. The next solution is selected from N feEJ(vin, σ), such that the
sum of penalty counters of the ejected customers, Psum = p[v
(1)
out] + ... + p[v
(k)
out], is minimized.
This criterion is motivated by the expectation that ejecting the customers whose sum of penalty
counters is the smallest possible will benefit the subsequent insertions, even if the number of the
customers in the ejection pool is momentarily increased. The ejected customers are added to
EP and the resulting feasible partial solution σ is modified by a procedure of diversification, by
executing moves selected at random fromN (σ) for a given number of times. N (σ) is a composite
neighborhood defined as the set of the partial solutions that are obtained by applying the move
operators 2-opt∗, intra- and inter-route relocation, and intra- and inter-route exchange. At
the end of this third stage, we update the partial solution before proceeding to select a new
customer from EP .
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4.2.2. Multiperiod Route Elimination Heuristic for ConVRPTW. The multi-period route elimi-
nation heuristic for ConVRPTW requires as input a feasible initial solution R, which is obtained
with the multi-period extension of the initial solution construction heuristic for ConVRPTW.
Like in the one-period heuristic, stages 1 through 3 are applied repeatedly to the incumbent
solution R to reduce the number of vehicles one by one, until the total computation time reaches
a given limit CTmax. Finally, we obtain a new solution R with a lower number of drivers than
the initial solution. See Figure 3 for a general picture.
Unlike the original one-period heuristic, the vehicle to eliminate is not chosen at random, but
we select the vehicle with the least sum of numbers of active customers over all periods of the
planning horizon. The original idea to choose a vehicle at random proved not to be as effective,
given the complexity of the instances that we need to deal with. We remove temporarily the
vehicle and we initialize the stack EP with its customers. Then, a repeated attempt is made
to insert the customers from the EP into the |K| − 1 remaining subsets of customers, avoiding
capacity and time window constraint violations, for each day that a selected customer is active.
In the first stage, we define the set of partial solutions that are obtained by inserting vin into
all vehicles at all possible positions as Ninsert(vin, R). Now, insertion of a client into a vehicle
considers an insertion position for each day (route) of the planning horizon. Insertion into a
vehicle is feasible only if the corresponding insertion positions lead to feasible routes over the
complete planning horizon. The quality of a feasible insertion into a vehicle is computed as the
sum of the respective qualities over all days of the planning horizon (using the same formulas as
in the multi-period initial solution construction). If there exist feasible insertions into a vehicle,
then the next solution is not chosen at random like in the original one-period algorithm, but
the best quality insertion into a vehicle is selected.
In the second stage, we proceed similarly that the one-period heuristic, i.e. accepting tem-
porarily an infeasible insertion into a vehicle that minimizes Fp, but extended for the multi-
period case: Fp(R) =
∑
d∈D Pc,d(σ) + αPtw,d(σ). Then, a series of local search moves, 2-opt,
and inter-route relocation are performed to restore the feasibility of the partial solution. Not
all local search operators used in [18] are adopted here due to the complexity of working with
multiple periods. If the feasibility of the partial solution is restored, then we update the partial
solution before proceeding to select a new customer from EP . Otherwise, we move forward to
the next stage.
Finally, in the third stage, since vin could not be inserted easily, its penalty value is updated:
p[vin] = p[vin] + 1. Then, in contrast to the one-period heuristic, we define N feEJ(vin, R) as the
set of feasible partial solutions that are obtained by inserting vin into a vehicle that is chosen
at random at positions that minimize the value of Fp, and ejecting at most kmax customers,
v
(1)
out, ..., v
(k)
out (k ≤ kmax) from the resulting infeasible vehicle in all possible ways. Here also vin
itself can be ejected. The next solution is selected from N feEJ(vin, R) such that the sum of the
penalty counters of the ejected customers, Psum = p[v
(1)
out] + ... + p[v
(k)
out], is minimized. The
ejected customers are added into EP and the resulting feasible partial solution R is modified by
a procedure of diversification. This diversification process works on the objective to minimize
the total travel distance for an incomplete solution, that is different from the main algorithm
which objective is to minimize the number of routes for the full solution, and consists of applying
repeteadly inter-route relocation and intra-route 2-opt local operators until no improvement is
found. Then, we update the current partial solution before proceeding to select a new customer
from EP .
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1
Figure 3. Multiperiod Route Elimination Heuristic for ConVRPTW
5. Experimental Results
The proposed algorithm was implemented in Python (see [24]), using NumPy (see [19]) and
Numba (see [13]). We tested the proposed algorithm on sets of small and large instances. Small
instances were constructed from Solomon’s VRPTW instances and were solved optimally with
Gurobi 9.0.1 on an Intel Core i7 with 2.67GHz×8 and 4GiB of memory. Large instances were
constructed from data of the Chilean company for a year planning horizon. Time and distance
matrices were computed using Open Source Routing Machine software (see [17]) based on Open
Street Maps data.
5.1. Instance Characteristics.
5.1.1. Small ConVRPTW Instances. We generate 56 small instances from VRPTW benchmark
instances of [21]. Solomon’s instances are divided into six classes. Classes C1 and C2 have clus-
tered geographical distribution of customers, in classes R1 and R2 the geographical distribution
is randomly uniform, and classes RC1 and RC2 have a mix of both geographically uniform and
clustered customers. Classes R1, C1 and RC1 have narrow time windows and small vehicle
capacities of 200, so the number of customers served by a single vehicle is small. Classes R2, C2
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and RC2 have wide time windows over longer scheduling horizons and large vehicle capacities
of 700 for C2 and 1000 for R2 and RC2, so the solutions have comparatively fewer vehicles. All
of the classes consider 100 customers and a single depot.
From Solomon’s instances, we construct small ConVRPTW instances. We consider only the
first ten customers and we keep without modifications the customers’ demand, coordinates, time
windows, and service times. We consider a planning horizon of five days. The service frequency,
i.e., probability that a customer requires service on a given day, was set to 70%, as in [8]. We
reduced the capacity of vehicles by half.
5.1.2. Large ConVRPTW Instances. A set of thirteen instances was constructed from historical
demand data of the company from January 2018 until March 2019, based on moving trimesters
(first starting in January 2018 and last in January 2019). Each one of them is characterized by
a different number of customers and days. The vehicle fleet is homogeneous, with vehicles of 5
tons each.
In Table 1 we present a brief description of these instances. They are characterized by
a long planning horizon of 71 days, with 2115 customers, and a total of 24163 orders, on
average. Moving from one moving trimester to the next one, on average, there are 3.4% of new
customers. We highlight that, on average, only 16.1% of the customers are active each day, a
low proportion of the total number of customers. This situation makes it particularly difficult
to design consistent routing plans.
Table 1. Trimestral instances
Customers Active customers per day [%]
Id Instance Days Orders Current New[%] Mean Std. Min. Max.
1 January2018-March2018 65 24525 2366 - 15.9 3.4 6.7 21.6
2 February2018-April2018 64 23064 2333 4.6 15.4 3.3 7.6 21.6
3 March2018May2018 62 22039 2254 3.3 15.8 3.4 6.3 21.0
4 April2018-June2018 70 24688 2187 3.5 16.1 3.3 6.5 21.2
5 May2018-July2018 71 24659 2143 2.7 16.2 3.6 6.6 21.7
6 June2018-August2018 79 27303 2140 3.1 16.1 3.3 6.8 22.1
7 July2018-September2018 75 25412 2081 2.0 16.3 3.7 6.5 22.7
8 August2018-October2018 73 24211 2060 2.3 16.1 3.7 5.7 23.0
9 Septermber2018-Novermber2018 70 22012 2020 3.9 15.6 3.9 5.8 22.6
10 October2018-December2018 73 22908 2013 4.4 15.6 3.7 5.9 23.2
11 Novermber2018-January2019 75 24060 2006 5.0 16.0 3.4 6.7 23.3
12 December2018-February2019 75 24834 1963 2.2 16.9 3.0 9.1 23.8
13 January2019-March2019 74 24405 1941 3.7 17.0 2.5 11.5 21.6
Average 71.2 24163.1 2115.9 3.4 16.1 3.4 7.1 22.3
In Table 2 we present in a similar way a set of fifteen instances built on individual months.
5.2. Experimental Settings. The parameters to be adjusted in our algorithm correspond to
the constructive and the route elimination heuristics. To get the values for the constructive
heuristic, first we solved ConVRP instances from [8] and chose the values that gave the best
initial solution concerning the total number of vehicles and total travel time overall the instances.
We got the following values: ic = 1, µ = 1, λ = 2, α1 = 0.5 and α2 = 0.5. Later on, we tried if
modifying these values led to better results on the instances coming from our case study, but
no significant improvement could be obtained.
For the route elimination heuristics we used the values of parameters proposed in [18] for the
maximum computational time CTmax = {1, 10, 60}, in minutes. And we set kmax = 3.
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Table 2. Monthly instances
Customers Active customers per day [%]
Id Instance Days Orders Current News[%] Mean Std. Min. Max.
1 January2018 26 10142 2079 - 18.8 4.1 7.6 24.6
2 February2018 21 7857 1958 10.0 19.1 4.0 12.6 25.8
3 March2018 18 6526 1840 12.1 19.7 4.2 9.6 25.7
4 April2018 25 8681 1892 16.1 18.4 3.7 11.5 23.6
5 May2018 19 6832 1776 9.7 20.2 4.5 8.0 26.1
6 June2018 26 9175 1899 15.3 18.6 3.5 12.8 23.1
7 July2018 26 8652 1772 8.2 18.8 4.6 8.2 26.1
8 August2018 27 9476 1859 12.6 18.9 3.4 12.5 25.4
9 September2018 22 7284 1719 7.6 19.3 5.0 7.9 26.6
10 October2018 24 7451 1698 11.3 18.3 4.2 6.9 24.3
11 November2018 24 7277 1641 12.0 18.5 4.5 8.2 26.1
12 December2018 25 8180 1678 13.1 19.5 4.4 10.6 27.8
13 January2019 26 8603 1714 12.8 19.3 2.8 13.1 23.5
14 February2019 24 8051 1622 8.0 20.7 3.0 15.4 25.8
15 March2019 24 7751 1625 12.0 19.9 3.1 14.5 25.5
Average 23.8 8129.2 1784.8 11.5 19.2 3.9 10.6 25.3
The values of these parameters were maintained unchanged for all the instances. Consistent
good performance of these parameter values makes our algorithm easy to implement, since no
parameter tuning is necessary.
5.3. Results for Small ConVRPTW Instances. We evaluate the performance of the Con-
VRPTW algorithm by comparing the solutions obtained by ConVRPTW with the optimal
solution found by Gurobi, with a time limit of 1 hour. All the instances were solved optimally
in 1 hour, except one instance from the class R1, namely the R102 instance, with GAP of 33.3%.
The results of the comparison are reported in Table 3. We present the average result for
every class. In the first three columns, we report the optimal solution with respect to the
average number of vehicles (ANV), average total computational time (ACPU) in seconds, and
average gap (AGAP) in percentage. In the following two columns we report the solution found
by ConVRPTW algorithm with respect to ANV and ACPU. Finally, in the last column, we
report the percentage difference in the number of vehicles ∆NV between the best known and
the ConVRPTW solution.
We can see that the number of vehicles obtained by the ConVRPTW algorithm for each class
is the same as the one obtained with the MILP model using Gurobi, but with a much lower
computing time. This shows the effectiveness of the ConVRPTW algorithm in minimizing the
number of vehicles. Finally, we comment that for Instance R102 from class R1, we only know
a solution with a GAP of 33.3%, and in this case, the ConVRPTW algorithm finds a solution
with the same number of vehicles.
5.4. Results for Large ConVRPTW Instances. The performance of the proposed algo-
rithm for ConVRPTW is compared with the current routing plan used by the company. The
company used a one-to-one client-to-driver assignment to execute the delivery of the orders.
Because of the requirement of client-to-driver consistency, knowledge of the orders only one day
in advance, and the variability of the active customers every day, it is common that the current
routing plan in use by the company has many customers for which the time windows are not
respected. We evaluate the performance of the current routing plan of the company in terms of
the number of vehicles used for executing the deliveries (NV), the resulting total travel time of
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Table 3. Results for small ConVRPTW instances
Gurobi ConVRPTW
Instance ANV ACPU AGAP ANV ACPU ∆NV
[s] [%] [s] [%]
C1 1.9 4.4 0.0 1.9 0.9 0.0
C2 1.0 2.4 0.0 1.0 0.0 0.0
R1 2.3 458.3 2.8 2.3 1.0 0.0
R2 1.0 5.1 0.0 1.0 0.0 0.0
RC1 2.9 32.0 0.0 2.9 1.0 0.0
RC2 1.0 4.5 0.0 1.0 0.0 0.0
Avg. 1.7 84.4 0.5 1.7 0.5 0.0
the complete routing plan (TT) in minutes, the percentage of visits for which the time windows
are not respected (PTW), and the lateness of deliveries with respect to TWs as the proportion
of TT (LTW).
In Table 4 and 5 we describe the performance of the current operation of the company on the
trimestral and monthly group of instances, respectively, in contrast to the results generated by
our algorithm for ConVRPTW. In the first three columns of these tables, we report NV, TT,
and PTW of the current routing plan of the company. In the next columns, we report the results
obtained by applying the proposed algorithm to ConVRPTW instances, which are evaluated by
NV, the percentage of improvement of the total travel time ∆TT , and the total computational
time (CPU) in seconds. The last column gives the percentage of improvement in the number of
vehicles ∆NV between the current solution of the company and the best results obtained with
the ConVRPTW algorithm. We present the results obtained using maximum computation times
of 1, 10 and 60 minutes used for our multi-period route elimination heuristic. The execution
time of the complete program is equal to the chosen configuration time plus the time spent for
the multi-period initial solution construction heuristic and the final reoptimization heuristic.
For the group of trimestral instances, in Table 4, analyzing the performance of the current
routing plan of the company, we can see that the number of vehicles required for executing the
deliveries ranges from 21 to 25 vehicles, there exists an average of 18.4% of customers for which
the time windows are not respected, and the average of the lateness of deliveries with respect
to TWs as the proportion of the TT is 4.8%. The total travel time required for the complete
routing plan is on average 12630.9 hours. For this group of instances, our algorithm reaches
solutions with a low number of vehicles already with the setting of 1 minute. Moreover, the
total travel times are improved by 8% on average with respect to the routing plan used by the
company, and the customers’ time windows are fully respected. Using the settings of 10 minutes
leads to a further reduction of one vehicle for instance 12. In the case of 60 minutes, a solution
with one vehicle less is found not only for instance 12 but also for instances 1 and 11. The
total travel times do not change on average from one time setting to another. The percentage
of improvement in the number of vehicles is on average 31.7%. In brief, the routing plan of the
company is improved reducing the number of vehicles required for the deliveries on average in
seven vehicles, the total travel times are improved by 8% on average, and the customers are
serviced within their time windows.
For the group of monthly instances, in Table 5, in the current routing plan, the number
of vehicles required for executing the deliveries ranges from 21 to 23 vehicles, there exists an
average of 7.6% of customers for which the time windows are not respected, and an average
of the lateness of deliveries with respect to TWs as the proportion of TT of 5.1%. The total
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Table 4. Results for trimestral instances
Current Solution ConVRPTW
1min. 10min. 60min.
Id. NV TT PTW LTW NV ∆TT CPU NV ∆TT CPU NV ∆TT CPU ∆NV
[h] [%] [%] [%] [s] [%] [s] [%] [s] [%]
1 23 12204.5 26.8 8.8 17 7.6 124 17 7.6 993 16 8.3 3769 30.4
2 23 11596.0 17.4 5.4 16 6.0 115 16 5.3 635 16 6.3 3784 30.4
3 25 11163.4 18.5 6.0 16 8.4 97 16 8.4 635 16 8.4 3696 36.0
4 24 12598.4 21.2 5.9 16 7.0 129 16 7.0 689 16 7.0 3674 33.3
5 22 12874.2 24.9 6.7 16 7.2 103 16 7.2 652 16 7.2 3650 27.3
6 22 14264.4 20.2 4.9 16 9.1 347 16 9.1 650 16 9.1 3718 27.3
7 23 13516.4 17.3 4.2 16 9.3 115 16 9.3 697 16 9.3 3690 30.4
8 23 12804.1 13.6 3.3 16 9.3 552 16 9.3 684 16 9.3 3651 30.4
9 23 11982.1 14.1 3.6 16 6.6 356 16 6.6 777 16 6.6 3704 30.4
10 24 12346.6 13.7 3.1 15 8.6 99 15 9.1 655 15 8.6 3651 37.5
11 23 12894.7 14.7 3.1 16 7.4 343 16 7.4 624 15 7.5 3689 34.8
12 23 13125.2 18.8 4.1 16 9.3 295 15 9.8 641 15 8.1 3983 34.8
13 21 12831.5 17.8 4.0 15 9.3 394 15 9.3 838 15 9.3 3842 28.6
Avg 23.0 12630.9 18.4 4.8 15.9 8.1 236 15.8 8.1 705 15.7 8.1 3731 31.7
travel time required for the complete routing plan is on average 4233.2 hours. For this group
of instances, our algorithm also reaches good solutions with the setting of 1 minute. Using the
setting of 10 minutes leads to a further reduction of one vehicle on instances 6,7,8,11,12, and
60 minutes gives one vehicle less on almost all of the instances. The total travel times at most
range on average 0.04 % from one time setting to another. The percentage of improvement
in the number of vehicles is on average 35.5%. In brief, the routing plan of the company is
improved reducing the number of vehicles required for the deliveries on average in six vehicles,
the total travel times are improved by 10% on average, and the customers are serviced within
their time windows.
Table 5. Results for monthly instances
Current Solution ConVRPTW
1min. 10min. 60min.
Id. NV TT PTW LTW NV ∆TT CPU NV ∆TT CPU NV ∆TT CPU ∆NV
[h] [%] [%] [%] [s] [%] [s] [%] [s] [%]
1 22 5024.5 16.4 12.5 16 10.4 109 16 10.4 717 16 10.4 3616 27.3
2 22 3901.1 8.3 6.0 16 9.2 122 16 9.2 626 15 10.0 3627 31.8
3 23 3278.8 7.1 6.5 15 9.4 69 15 9.4 614 14 7.6 3611 39.1
4 22 4416.1 6.0 4.2 14 10.5 149 14 11.2 672 13 10.1 3667 40.9
5 22 3468.5 9.8 7.7 15 10.9 82 15 10.9 619 14 8.0 3610 36.4
6 22 4713.9 9.3 6.3 15 10.5 100 14 10.5 627 14 11.1 3625 36.4
7 22 4691.8 10.3 6.4 16 9.7 109 15 10.6 632 15 10.7 3614 31.8
8 22 4858.7 3.9 2.1 15 10.6 126 14 12.4 646 14 12.7 3614 36.4
9 23 3965.9 6.1 4.4 15 11.3 75 15 11.3 622 15 11.3 3625 34.8
10 22 3979.6 6.1 3.7 14 10.7 115 14 10.7 657 14 10.7 3643 36.4
11 21 4036.7 4.7 2.6 15 10.8 115 14 12.0 608 13 9.0 3606 38.1
12 23 4330.3 5.7 2.9 15 9.5 130 14 10.0 615 14 10.1 3607 39.1
13 21 4527.7 7.2 3.7 14 13.6 89 14 13.6 626 13 8.4 3610 38.1
14 21 4267.2 9.3 5.7 14 13.3 73 14 13.3 630 14 13.3 3625 33.3
15 21 4036.6 4.4 2.5 14 12.8 92 14 12.8 621 14 12.8 3607 33.3
Avg 21.9 4233.2 7.6 5.1 14.9 10.9 104 14.5 11.2 635 14.1 10.4 3620 35.5
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Both for trimestral and monthly instances the algorithm yields good results already with 1
minute of computation. Indeed, increasing the computational times to 10 and 60 minutes only
lead to very minor improvements in terms of the number of vehicles (NV).
Notice that, since the total travel time (TT) is not part of the objective function that we
are optimizing, in some cases more computational time leads to higher values of this attribute.
This is partly due to the restrictions imposed by time windows, where reducing the number
of vehicles may force longer routes - like in the monthly instance number 3, 4, 5, 11, 13 when
augmenting the computation time from 10 to 60 minutes. But it may also be due to certain
random characteristics of our algorithm - like in the trimestral instances number 10 and 12,
when moving from 10 to 60 minutes.
5.5. Analysis of the ConVRPTW algorithm for Operational Management. In this
subsection, we provide some managerial insights by evaluating the results of the proposed
heuristic in the context of the operational reality of the company under study. With a fixed
client-to-driver assignment, the company tries to satisfy the customers’ demand for every un-
known operational day. However, because of the variability of customers’ demand and activity,
the company is forced to implement some ad-hoc changes to the assignment on individual days.
For instance, when on a particular day a driver has active customers with demand that exceed
the capacity of the vehicle, then some of these customers are re-assignment to other drivers.
In some cases there may even be orders not fulfilled at all. Therefore, this situation generates
delays in the deliveries and reduces the consistency of the service.
The general idea is to use historical data of the company to compute the initial client-to-
driver assignment and use it for the operational daily routing during one month. After that,
the assignment should be updated each month, based on the updated historical data. We
experiment with two settings. The first option is to create the initial assignment based on the
last three months of operational history and then, each month, do an update to the assignment
based on the recent moving trimester. The second option is similar, only that we base the initial
solution and the monthly updates on the recent month.
Our analysis begins with the ConVRPTW solutions of the first trimestral and monthly in-
stances, respectively. Then, we choose a period of one month to recursively update the Con-
VRPTW solution and we analyze its daily performance during the following month. Our ob-
jective is to evaluate how client-to-driver consistency is affected in order to satisfy the daily
demand for a new unknown period (month).
First we compute the initial ConVRPTW solutions for the first trimestral and monthly
past data instance, respectively. Then, we develop two kind of computations: i) updating the
previous ConVRPTW solution based on the following month (the following moving trimester
or just the following month instance, respectively) and (ii) operational daily routing for each
day of the following month.
5.5.1. Results for Updating ConVRPTW Solutions. Updating ConVRPTW solution experi-
ments start with a ConVRPTW solution for one period, to update it based on the customers’
demand of the following period. They compute a ConVRPTW solution for the following moving
trimester or month, based on the initial solution obtained for the previous moving trimester
or month, respectively. It corresponds to the situation at a company, where each month the
customers’ demand and activity during the most recent period is analyzed and the initial client-
to-driver assignment can be updated if necessary.
For example, for trimestral instances, based on the ConVRPTW solution of Instance 1, which
corresponds to January, February, and March, we compute a solution of Instance 2, comprising
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February, March, and April. Note that now, the solution of Instance 2 is not obtained by solving
the instance from scratch, but by updating the solution of Instance 1, which is a heuristic
procedure to minimize the change in the client-to-driver assignment.
Therefore, to create a ConVRPTW solution for the following instance, we use the solution
of the previous instance as the initial solution for our multi-period route elimination heuristic.
We put all the new customers on the stack EP , delete the old customers that have no demand
in the current period, and run the rest of the algorithm as we did for independent ConVRPTW
instances. With the solution of the new instance, we evaluate how the consistency of the old
customers is affected: how many clients had their driver changed in the update.
In Table 6 we report the results of the experiments on the groups of trimestral and monthly
instances. In the first four columns, we report the results of working recursively on the trimestral
instances (starting from Trimestral Instance 1), and in the following columns the results for the
monthly instances (starting from Monthly Instance 1). So, in both cases, the solution from a
previous instance is used as the initial solution for the following instance.
For the group of trimestral instances, we can note that when using the client-to-driver as-
signment obtained on Instance 1 as the initial solution for Instance 2, it is necessary to use an
additional vehicle. The set of vehicles is maintained in posterior updates. Also, we can see that
the percentage of inconsistent customers (IC), i.e. the percentage customers that are assigned
to a different driver during the update is on average 7.8 %.
For the group of monthly instances, we can note that it is not necessary to use an extra
vehicle to update the ConVRPTW solution from Instance 1 to Instance 2. The percentage of
inconsistent customers is on average 9 %.
Table 6. Results for updating ConVRPTW solutions experiments for moving
trimesters and months
Updated moving trimester Updated moving month
Id NV TT IC Id NV TT IC
[h] [%] [h] [%]
1 16 11188.5 - 1 16 4504.0 -
2 17 11117.2 8.6 2 16 3606.6 15.8
3 17 10923.9 14.5 3 16 3043.6 10.8
4 17 12258.1 8.3 4 16 4137.1 11.1
5 17 12941.9 10.3 5 16 3178.5 9.2
6 17 13709.0 8.4 6 16 4304.2 11.8
7 17 12910.6 6.0 7 16 4289.1 6.3
8 17 15861.8 10.1 8 16 4477.3 5.4
9 17 15371.4 10.8 9 16 3619.3 12.0
10 17 11540.6 5.8 10 16 3648.5 7.4
11 17 11919.3 1.4 11 16 3724.6 6.6
12 17 12129.3 9.3 12 16 4025.8 12.6
13 17 11082.1 0.3 13 16 4072.2 5.0
14 16 3810.8 6.1
15 16 3634.7 6.4
Average 16.9 12534.9 7.8 Average 16 3871.7 9.0
5.5.2. Results for Operational Routing the Following Month. Experiments of the operational
routing during the following month use the client-to-driver assignment obtained by updating
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ConVRPTW on the most recent historical period to respond to the customers’ orders on indi-
viduals days during the following month (the customers’ demand and activity for which is not
known a priori).
For example, based on the ConVRPTW solution of Trimestral Instance 1, which corresponds
to January, February, and March, we solve the operational routing problem for every day of
the following month of April. Note, that the behaviour of old customers in April is different
than it was during the recent period (January-March), including that some of them will make
no orders during the whole month. On the other hand, there will be some new customers, that
presented no activity in the recent period.
The computational procedure we apply here is similar to that of the previous subsection,
only that now we compute the routing for each day independently. We use the last available
ConVRPTW solution as the initial solution for the current day, putting all new customers into
the stack EP and deleting the customers that have no demand. Finally, we apply the route
elimination heuristic to find the daily operational routing plan.
Then, we evaluate how the consistency of the old customers is affected on each day of the
following month, with daily routing restricted to fulfill all the orders within their respective
time windows.
In Table 7, we report the results of the experiments on the groups of trimestral and monthly
instances. For each instance, we use the updating ConVRPTW solutions described in the
previous subsection.
For the group of trimestral instances, we report the results of the following operational month
experiments. We can see that the levels of inconsistency, the percentages of visits that do not
respect the base client-to-driver assignment, are quite low reaching an average of 0.8 %.
For the group of monthly instances, we can see that the levels of inconsistency are still quite
low: 1.1 % on average. Therefore, a situation that requires not to respect the base client-to-
driver assignment happens rarely.
Table 7. Results for operational following month experiments from trimestral
and monthly instances
Operational following month from trimesters Operational following month from months
Id Following month NV TT IC Id Following month NV TT IC
[h] [%] [h] [%]
1 April 16 4137.2 1.9 1 February2018 16 3734.8 5.2
2 May 17 3243.4 1.2 2 March2018 16 3076.3 1.4
3 June 17 4391.0 0.8 3 April2018 16 4135.0 1.3
4 July 17 4370.8 0.7 4 May2018 16 3182.8 1.1
5 August 17 4630.5 0.5 5 June2018 16 4325.3 0.9
6 September 17 3670.6 0.7 6 July2018 16 4226.4 0.6
7 October 17 3814.2 0.2 7 August2018 16 4425.9 0.6
8 November 17 3811.8 1.1 8 September2018 16 3579.8 1.2
9 December 17 4072.0 1.8 9 October2018 16 3695.3 0.4
10 January 17 4145.1 0.1 10 November2018 16 3693.0 0.3
11 February 17 3907.9 0.3 11 December2018 16 4023.2 1.6
12 March 17 3654.0 0.0 12 January2019 16 4053.4 0.5
13 February2019 16 3811.8 0.5
14 March2019 16 3629.1 0.3
Average 16.9 3987.4 0.8 Average 16 3828.0 1.1
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6. Conclusions
Classical studies on vehicle routing tend to focus on finding routing plans of minimum cost,
presenting methods for solving the standard one-period Vehicle Routing Problem with Time
Windows (VRPTW). However, in competitive markets, it is important to find a balance between
operational cost and customer satisfaction to assure long term profitabilities. In this work, we
consider the Consistent Vehicle Routing Problem with Time Windows (ConVRPTW) that is an
extension of the standard VRPTW to multiple periods, that considers the traditional constraints
on the vehicle capacity and time windows of the customers combined with the requirement of
multi-period driver consistency. This problem is motivated by a real-world application at a
distribution center of a food company, in which the main objective is to design driver consistent
routing plans with a minimum number of vehicles and total travel time as low as possible.
We develop a new heuristic approach to solve ConVRPTW based on the most successful
algorithms in the literature for the one-period VRPTW. The performance of the proposed
algorithm is evaluated on small instances generated from benchmark instances of the literarture
and instances constructed from the operational data of the company under study. The results
show the effectiveness of the ConVRPTW algorithm in minimizing the number of vehicles.
The proposed algorithm is capable of generating better consistent routing plans than the ones
currently used by the company within low computational times. Additionally, we evaluate the
solutions of ConVRPTW on historical data as the basis for the client-to-driver assignment for
operational management under the conditions of customer activities and order quantities known
only one day in advance. The results show that the proposed algorithm can be used to generate
updated client-to-driver assignments that let the daily operational routing be solved with a very
high level of driver consistency.
Considering the high variability in the activity of the customers, the quantities they order and
the service times, the proposed algorithm represents a basis for the development of a decision
support system that would improve the tactical routing plans for serving the customers of the
company, obtaining a good balance between operational costs and service quality.
Future work must be concentrated on further developing the proposed algorithm to output
client-to-driver assignments that correspond to geographical zones that do not overlap. Such
a characteristic would be very valuable for the management of the company, for the ease of
establishing service contracts with the transportation companies based on general territories
and not on particular sets of clients - a setting that is easier to deal with under the high
variability in client activity. For companies this would represent a useful tool to determine
the best way to serve and respond quickly to new customer demands, standardize the quality
of service, and make an efficient and equitable allocation of customers among their different
drivers.
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